How cells maintain their size has been extensively studied under constant condi ons. In the wild, however, cells rarely experience constant environments. Here, we examine how the 24-hour circadian clock and environmental cycles modulate cell size control and division mings in the cyanobacterium Synechococcus elongatus using single-cell me-lapse microscopy. Under constant light, wild type cells follow an apparent sizer-like principle. Closer inspec on reveals that the clock generates two subpopula ons, with 1 cells born in the subjec ve day following different division rules from cells born in subjec ve night. A stochas c model explains how this behaviour emerges from the interac on of cell size control with the clock. We demonstrate that the clock con nuously modulates the probability of cell division throughout day and night, rather than solely applying an on-off gate to division as previously proposed. Itera ng between modelling and experiments, we go on to show that the combined effects of the environment and the clock on cell division are explained by an effec ve coupling func on. Under naturally graded light-dark cycles, this coupling shi s cell division away from dusk and dawn, when light levels are low and cell growth is reduced. Our analysis allows us to disentangle, and predict the effects of, the complex interac ons between the environment, clock, and cell size control.
Introduction
Organisms control the size of their cells (1) (2) (3) (4) (5) . In growing cell colonies or ssues they must do this in part by deciding when to divide. The principles of cell growth and division in microorganisms have been studied for many years (6) (7) (8) . Mul ple size control principles have been proposed, including the sizer model, where cells divide at a cri cal size irrespec ve of birth size, or the mer model, where cells grow for a set me before dividing (9) (10) (11) (12) (13) (14) (15) . Recent me-lapse analysis of microbial growth at the single-cell level suggested that many microorganisms follow an 'adder' or 'incremental' model (16) (17) (18) (19) (20) (21) , where new-born cells add a constant cell size before dividing again. This principle allows cell size homeostasis at the popula on level (15, 18) .
Although the rules of cell division under constant condi ons are being elucidated, cell division in many organisms is controlled by intracellular cues and me-varying environmental signals. For example, cell division and growth are ghtly linked to light levels in algae (22) (23) (24) , while growth is enhanced in the dark in plant hypocotyls (25) . The Earth's cycles of light and dark can thus cause 24-h oscilla ons in cell division and growth. To an cipate these light-dark cycles many organisms have evolved a circadian clock which drives downstream gene expression with a period of about 24 hours (26) .
The circadian clock has been shown to be coupled to cell division in many systems, from unicellular organisms (27, 28) to mammals (29) (30) (31) . It remains unclear how the clock modulates the innate cell growth and the division principles that organisms follow.
The cyanobacterium Synechococcus elongatus PCC7942 is an ideal model system to address the ques on of how cell size homeostasis can be controlled and modulated by the circadian clock and the environment. Cell sizes are easily coupled to the environment as ambient light levels modulate growth (32) , which can be monitored in individual cells over me (33) (34) (35) . An addi onal advantage is that the key components of the circadian clock in cyanobacteria are well characterised. The core network consists of just three proteins (KaiA, KaiB and KaiC) that generate a 24-hour oscilla on in KaiC phosphoryla on (36) (37) (38) . The state of KaiC is then relayed downstream to ac vate gene expression by global transcrip on factors such as RpaA (37, 39) . Many processes in S. elongatus are controlled by its circadian clock (37, (39) (40) (41) , including the ga ng of cell division (28, 34, 42) . The prevalent idea is that cell division is freely 'allowed' at certain mes of the day (gate open) and restricted at others (gate closed).
Ga ng of cell division in S. elongatus was first described by Mori et al. under constant light condi ons (28) . Their results indicated that cell division was blocked in subjec ve early night, but occurred in the rest of the 24-h day. Single-cell me-lapse studies under constant light condi ons have further examined this phenomenon, and suggested a mechanism for it (34, 42) . Elevated ATPase ac vity of KaiC has been proposed to indirectly inhibit FtsZ ring forma on through a clock output pathway (34) . It remains unclear what effect the coupling of the clock to cell division has on cell size homeostasis for S. elongatus , and what are the underlying division rules.
In this work, we examine how the environment and the clock modulate cell size control and the ming of division in S. elongatus using single-cell me-lapse microscopy ( Fig. 1 ).
Under constant light condi ons the clock splits cells into two subpopula ons following different size control and division rules. The specific proper es of these subpopula ons arise from modula on of cell size control by the clock throughout subjec ve day and night, rather than solely by repressing (ga ng) cell division in early night. Cells born during subjec ve night and early subjec ve day add less length before dividing again, allowing them to divide before the end of the day, whilst cells born during subjec ve day add more length, avoiding dividing in subjec ve night. We develop a stochas c model that explains these cellular decisions. To understand the significance of these results, we examine growth and division under realis c graded light-dark (LD) cycles. Combining modelling and experiment, we find that the clock steers division of fast dividing cells away from dusk, and slow dividing cells away from dawn. This prevents cell division from taking place at mes when growth arrest could occur due to li le or no light (43) . Our predic ve model reveals the contribu ons of the circadian clock, environment, and underlying cell size control mechanisms on division throughout the day and night.
Results
The circadian clock generates two subpopulations following different growth rules under constant light conditions
To examine the role of the clock in cell size control in S. elongatus , we first studied growth and division in wild type (WT) and clock-dele on backgrounds under constant light condi ons. A clock-dele on strain ( Δ kaiBC ) was obtained by dele ng the kaiBC locus, thus inac va ng the KaiABC oscillator. We carried out me-lapse movies under constant 15 μ E m -2 s -1 cool white light, and segmented and tracked thousands of individual cell lineages over mul ple genera ons. The rela on between size at birth and size added between birth and division is o en indica ve of the model controlling when cells decide to divide (15, 18) . If size at birth is linearly related to added size with a slope of 1, then the underlying model is called a ' mer', in which cells wait a specific me before division. A slope of -1 is indica ve of a 'sizer', where cells divide a er reaching a cri cal size. More generally nega ve slopes can be categorised as sizer-like while posi ve slopes represent mer-like strategies (15, (44) (45) (46) . Alterna vely, added size may not correlate with size at birth (slope of 0). Such cells, which grow by a fixed size, irrespec ve of their birth size, are described as 'adders' (16) (17) (18) (Fig. 1 ). E. coli and other microbes have been shown to obey this adder rule (15) . S. elongatus cells are rod-shaped and grow in volume by increasing their pole-to-pole length, and so cell length is an appropriate measure of cell size (SI Sec. 1). Interes ngly, in the WT background, S. elongatus cells are best fit by a sizer-like model (slope of -0.63), where the larger they are when born, the less length they need to add to reach a target length ( Fig. 2A ). This effect was less apparent in the clock-dele on background, where cells appeared to have a much weaker dependence on birth length ( Fig. 2B ) (slope of -0.35).
How can the circadian clock, which mes processes to par cular mes of the 24-hour day, cause cells to divide at a specific size? To address this ques on, we first examined how cell division is affected by the me of day. As has been reported previously (28, 34, 42) we observed apparent ga ng of cell division, with fewer cell divisions in the early subjec ve night in the WT but not in the clock-dele on background (Supp. Fig. 1 ). We next asked how this imbalance affects cell cycle mes. The distribu on of cell cycle mes was not clearly bimodal (Supp. Fig. 2 ), but by clustering cells based on subjec ve me of birth and cell cycle me (SI Sec. 3 and 4), we found cells lie in two dis nct subpopula ons ( Fig. 2C ). WT cells born either in late subjec ve night or early subjec ve day have shorter cell cycles ('fast' cells) than those born later in the day ('slow' cells).
Finally, the ming of cell division also affects added length. On average, cells born in late subjec ve night or early subjec ve day add less length (magenta dots in Fig. 2D ), as expected from their shorter cell cycle mes. Interes ngly, within this subpopula on added length decreases with me of birth (violet line, Fig. 2D ), allowing these cells to divide before the end of subjec ve day. This suggests that the clock does not solely enable an off gate at the beginning of night as previously proposed, but it ac vely promotes cell division to occur before the end of the day. By contrast, in the absence of the clock, no two subpopula ons are apparent ( Fig. 2E ). This is because in the clock-dele on strain cell cycle dura on does not depend on the me of birth, and added length is constant throughout the day (Fig. 2F ).
A simple model explains the coordination of cell size by the circadian clock
How does the clock generate the observed complex rela onship between added cell length and me of day? To answer this ques on, we developed a simple model assuming a linear dependence between added length and birth length .
The birth-length independent part of added length is a stochas c variable. The Δ 0 parameter quan fies the dependence of added length on birth length, and can be a es mated by linear regression. Similar models have been used to quan fy cell size control of microbes (15, 44, 45) .
In S. elongatus the circadian clock affects the size control ( Fig. 2 ). We assume that the clock alters the length-independent part of added length 
The division rate thus depends on the instantaneous length, length at birth, growth rate and me of the day.
To systema cally disentangle the individual components affec ng cell division rate, we measured the length-independent part of added length in clock-dele on cells, which Δ 0 do not gate or modulate cell divisions throughout the day ( =1). We found is well We then used the model to es mate the circadian coupling func on directly from (t) G individual cell length traces of WT cells via Bayesian inference. The method is based on the likelihood of divisions, which can be obtained analy cally from Eq. (1) and is a func on of the cell length history (SI Sec. 7). To avoid prior assump ons on the func onal form of the coupling, we only constrained it to be a smooth, posi ve and periodic func on of the me of day. Our analysis reveals that the circadian coupling func on ( We also found that elonga on (growth) rates oscillate in a circadian manner, which is not apparent in the clock-dele on background. This highlights that the circadian clock not only affects the decision to divide but it also feeds back on growth (43, 47) . To account for these effects, we measured the mean trend of these oscilla ons throughout the day (Supp. Fig. 3 , SI Sec. 2) and incorporated the me-dependent growth rate into the (t) α WT model. Although the mean trend may average out growth dynamics apparent at the single cell level (47) , it greatly simplifies the following analysis.
To predict the WT behaviour, we developed an exact simula on algorithm to carry out detailed stochas c simula ons of the model with the inferred coupling func on (Materials and methods). In agreement with the experiments (Fig. 2C ), the simula ons reveal the emergence of differen ally med subpopula ons with respect to their birth mes ( Fig. 3D ). We then asked whether the model could also explain the differences in size control observed in the two subpopula ons. By clustering the simula on data, we verified that added length decreases throughout the day in the fast subpopula on (magenta dots, Fig. 3E ) but not in the slow popula on (black dots, Fig. 3E ), in close agreement with the experiments (Fig. 2D ). In contrast, when we forced the coupling func on to take the form of a classical on-off gate, whether a piecewise square func on (34) or a smoother con nuous func on (42) , we were unable to capture these features of our data (Supp. Fig. 4 ).
Interes ngly, cells in the fast subpopula on modify their effec ve cell size control to more closely conform with the adder principle (violet line, Fig. 3F ), but those in the slow subpopula on follow a weak sizer-like trend similar to clock-dele on cells (grey line, Fig   3F) , in excellent agreement with experiments (Supp. Fig. 5 ). The stronger dependence of added length on birth-length seen in the overall WT popula on is thus an emergent phenomenon (red line, Fig. 3F , Supp. Fig. 5 ). It arises from the differen ally med and sized subpopula ons generated by the circadian clock.
Environmental light-dark cycles combine with the clock to generate an effective coupling function
Like all other photoautotrophs, S. elongatus did not evolve under constant light. We therefore examined the effects of the circadian clock on growth and division under condi ons more relevant to the natural environment of cyanobacteria. We grew WT and clock-dele on cells under graded 12 hour light and 12 hour dark cycles (12:12 LD) that approximate the Earth's cycles of daylight and dark (Materials and methods, Fig. 4A,B ).
We programmed the light levels such that the flux of light per unit area over a period of 24 hours is iden cal in constant light and in 12:12 LD.
There was no visible growth or cell division in the dark (Fig. 4A,B ). As such, the pa ern of LD cycles controls the growth rate of both WT and clock-dele on cells forbidding cell divisions in the dark. Elonga on rates are also set by the level of ambient light during the day. In graded LD cycles the mean elonga on rates of the two strains are nearly iden cal, and both track the level of ambient light quite accurately (Supp. Fig. 6, Fig. 4C ).
Restric ng growth also constrains the distribu on of cell cycle mes, separa ng cells into two subpopula ons: cells that divide in the same day they were born (fast cells) and cells that divide only the day a er they were born (slow cells) ( Fig. 4D ). This effect was observed in both WT and clock-dele on cells.
We therefore wondered how the circadian clock interacts with growth cycles imposed by the ambient light levels. By imposing the me-dependent growth rates onto our model of WT and clock-dele on cells, we found that the clock accelerates cell divisions in the fast subpopula on but, interes ngly, it delays divisions in the slow subpopula on (blue and red lines, Fig. 4D ). In qualita ve agreement with this result, we found experimentally that cell cycle mes of the two subpopula ons were shi ed in opposing direc ons (blue and red bars, Fig. 4D ).
These findings are explained through an effec ve coupling func on that results from the interac on of entrained growth rate with the circadian clock. Assuming exponen al elonga on with rate , the effec ve coupling in our model is given by the (t) α day me-dependent part of the division rate,
In comparison to clock-dele on cells, effec ve coupling delays cell divisions at dawn but accelerates divisions close to dusk in the WT (Fig. 4C ), highligh ng the predic ve power of our model. In the following sec ons, we answer the ques on of what role the clock plays for size control in light-dark cycles.
The circadian clock modulates cell size in light-dark cycles
To understand the effect of varying light levels on cell size control, we used the model to predict the type of cell size control in the two subpopula ons in LD cycles. Our model predicted that WT cells with short cell cycles, i.e. cells that are born and divide within the same day (magenta dots in Fig. 5A ,C, upper panels), add roughly half the length of cells with longer cell cycles, i.e. cells that divide a day a er they were born (black dots, Fig.   5A ,C, upper panels). Whereas in constant light, slow cells, with longer cell cycle mes, grow larger on average, such a supposi on is not necessarily true in LD condi ons. This is because slow cells typically also live through the lowest light levels, i.e. the least favourable condi ons. Indeed, no difference in added length between the two subpopula ons is predicted for the clock-dele on mutant (Fig. 5B ). The dependence of added length on subpopula on type and the differences between the two strains are well confirmed by the experiments (Fig. 5A,B , lower panels). Furthermore, the model suggests that cell size controls obeys different rules in the two dynamical subpopula ons. Fast dividing cells increment their length with a weak dependence on birth size ( Fig. 5A , violet line), ie. an adder-like size control. On the other hand, added length of slow cells increases with birth size (grey line), ie. a mer-like size control. This predic on was also confirmed by experiments ( Fig. 5A, lower panel) .
clock-dele on cells, on the other hand, do not display significant differences in cell size and control between the two subpopula ons (Fig. 5B,D) .
The effective coupling of divisions to the environment and the clock modulates the frequency of cell divisions in light-dark cycles
We next asked whether the clock affects the me at which cells are born in graded light-dark cycles. In the absence of a clock, =1, and so ambient light effec vely (t) G dictates the division rate (Eq. (2), Fig. 6B , Supp. Fig. 6B ). In WT cells, however, our model predicts fewer cell divisions at dawn but more divisions in the middle of the day, which results from the profile of the effec ve coupling func on (Eq. (2), Fig. 6A ). This predic on is confirmed by the distribu ons of me at division ( Fig. 6B , SI Sec. 5). WT cells do not divide immediately a er dawn, and wait longer than cells in the clock-dele on strain ( Fig.   6B ). Specifically, we find that 90% of WT cells divide within a window of 4 to 10 hours a er dawn as compared to 2 to 10 hours for the clock-dele on mutant, in quan ta ve agreement with the model.
To test our understanding of this effect, we interrogated the model under prolonged light dura ons. In graded 16:8 LD cycles the effec ve coupling func on suggests that the presence of the clock would cause fewer divisions at dawn and dusk, as this effec ve func on peaks closer to midday (Fig. 6A ). To test this predic on, we repeated the experiment in a 16:8 LD condi on. First, we confirm that the clock affects cell size control similarly to the 12:12 LD condi on ( Fig. 6C) . In WT and clock-dele on backgrounds alike, cells exhibit slow and fast dividing subpopula ons. However, owing to the clock, it is only in WT that these two subpopula ons exhibit different cell sizes and size control rules (Fig.   6C ). The experiments further confirm that WT cell divisions occur in a much narrower range of the day (90% of cells divide between 5 and 12 hours a er dawn, Fig. 6D ) than for the clock-dele on mutant (4 and 14 hours a er dawn). In effect, most cells divide closer to midday in agreement with the theore cal conclusions drawn from the effec ve coupling func on ( Fig. 6A ).
Discussion
In this work, we used single-cell data and systema c interroga on of a stochas c model of cell growth to elucidate how the circadian clock and the environment rework underlying rules of cell size control in S. elongatus (Fig. 1) . We first characterised cell size control in constant condi ons and found that the clock generates an apparent sizer-like behaviour (Figure 2A ). We showed that this effect is an epiphenomenon caused by the clock genera ng two subpopula ons following different division rules in WT cells ( Figure   2C ,D, Supp. Fig. 5 ). These subpopula ons differ in cell cycle dura on, added size, and mes of birth and division rela ve to a 24 hour day, while no such coordina on was present in clock-dele on cells ( Fig. 2E,F) . These results show that organisms possessing clocks, or coupling their cell cycle to intracellular or extracellular processes that drive them out of steady-state, could have complex size control rules. These can even include more than a single type of cell size control for the same growth condi on.
We then formulated a phenomenological model of how the circadian clock coordinates cell size control and cell division rate. The model confirmed that this interac on indeed generates two differently med and sized subpopula ons. Sta s cal inference using constant light data revealed that the clock modulates cell divisions by progressively increasing the division rate just before subjec ve dusk, while decreasing it at other mes of the 24-h day (Fig. 3C ).
Under graded LD cycles, the model predicted that the clock accelerates divisions in the fast subpopula on but delays divisions in the slow subpopula on, a finding that we confirmed experimentally under natural 12:12 LD cycles. By doing so, the clock constricts elongatus . The clock progressively increases the probability of division throughout the second half of subjec ve day. The probability of division reaches a well-defined peak, two-fold higher than the clock-dele on reference, just before dusk, before dropping to a basal level a er dusk. This adds to our understanding of how the clock controls the cell cycle, revealing that the probability of division is under con nuous circadian regula on.
Previous studies have proposed that the clock gates cell division by imposing an off gate in the early hours of subjec ve dark, and thus causing the scarcity of cell division events observed during that window (28, 34, 42) . In our model, this scarcity is generated by the sudden relaxa on of the coupling func on back to its basal level following the "rush" of divisions before dusk (Fig. 3C) , which can be interpreted as an effec ve gate. However, the peak in the coupling func on also generates a progressive decrease in added size towards subjec ve dusk, as observed experimentally. This effect is not predicted by a classical two-level (on and off) ga ng func on (Supp. Fig. 4 ). Our finding thus explains the dependence of cell size on the me of birth.
Remarkably, the coupling func on, fi ed just on constant light data, accurately predicts the effects of the clock on cell size in both 12:12 and 16:8 light condi ons. These predic ons include the reduc on of cell cycle mes for cells that divide in the same day they were born, and the increase of cell cycle mes for cells that divide in the next day.
We elucidate that these complex phenomena can be understood through an effec ve coupling func on accoun ng for the clock and environment. Our understanding of these non-trivial effects could help to reveal the clock's func on in controlling cell division. In this respect, it will be cri cal to understand the molecular mechanism behind this coupling func on in future work. One possibility is that the mechanism could be a Fig. 6C ). Instead, the distribu on of division mes is bimodal. This phenomenon could either be caused by an entrainment effect delaying cell divisions at dawn, or be due to a dependency of cell size control ( in Eq. 1) S on the light level, which our model does not describe. Further work is needed to elucidate these effects in greater detail. Also, in this work we did not take into account that the clock phase can be modulated by light dark cycles (48) .
Examining the rela onship between added cell size and birth size has provided valuable insights into how microbes maintain cell size (15) (16) (17) (18) 21) . However, cells are subject to internal or external cues, which can affect cell size control in non-intui ve ways. In other organisms, including higher eukaryotes, cell division is also subject to a range of internal and external inputs, including the circadian clock. In future, it will be cri cal to develop predic ve models of how these inputs feed into the regula on of cell physiology in these other organisms, similar to what we have done here. As we showed, such models provide unprecedented insights by disentangling the components affec ng cellular decision making. 
Materials and methods

Growth conditions
The strains were grown from frozen stocks in BG-11 media at 30°C under 
Exact stochastic simulation algorithm coupling the circadian clock to cell size control
We provide an exact simula on algorithm to simulate a lineage of an exponen ally growing and dividing cell from to with division rate (Eq. (1) ). Simula ons using the inferred coupling func on predict the emergence of two subpopula ons in close agreement with experimental data (Fig. 2C) . (E) Clustering of the simulated data (subset shown) also predicts added length to decrease during the day in the fast subpopula on (violet line, slope -0.1 μ m h -1 ) but not in the slow popula on (grey line). Cell length is defined as the length of the semi-major axis of the segmented cell shapes.
Elongation rates
Time-series of cell length were extracted and smoothed with either a locally weighted regression ( lowess ) method (for constant light data) or a moving average window 3 data points wide (LD cycles). We defined elonga on rate as where is the smoothed cell length at me . L j t j
Defining subjective time of birth and division under constant light
Cells were entrained by 12:12 LD cycles (step cycles) before acquisi on. We consider subjec ve dawn to occur immediately a er the lights are switched on following the last 12 h long dark pulse. Times of day rela ve to a 24-hour day are obtained by rescaling total experimental me by modulo 24 hours. Accordingly, subsequent subjec ve dawn mes are considered to t exp t exp occur at mul ples of 24 h later. We define subjec ve dusk mes to occur 12 h a er subjec ve dawn.
Subpopulation clustering
For each tracked single cell that completed a cell cycle during image acquisi on, we extracted distribu ons of me of birth, me of division, length at birth, length at division, added length and cell cycle me. Joint distribu ons of me of birth and cell cycle me revealed two dis nct peaks (Fig. 2C) . We extracted the cells that lie in each subpopula on by clustering with a two-component Gaussian mixture model using a likelihood-ra o criterion.
Analysis of division times using lineage-weighting
To analyse the frequency of cell divisions throughout the day, we used a lineage-weighted kernel density es mator in Fig. 6B ,D. To this end, we extracted all lineages from the data and weighted each data point by a factor depending on the number of cell divisions in that 1 2 / D D lineage. The method takes into account that fast-growing cells are overrepresented compared to slower growing ones (2, 3) . We found the difference to the unweighted data is significant only in the LD condi ons, because the two subpopula ons have vastly different interdivision mes. 6 Estimating cell size control in the clock-deletion strain
We parameterized the dynamic model of the size control of the clock-dele on strain by first es ma ng the slope through a linear regression. We then es mate the residuals of the a regression via , and fit these data by a Gamma distribu on . The size 1 ) L Δ 0 = L − ( + a 0 (Δ ) p 0 control hazard is obtained as the ra o between this distribu on and its survival func on, (Δ ) S 0 giving the rela on For a Gamma distribu on with shape and scale parameters and the above evaluates to α , β where denotes the upper incomplete gamma func on. This procedure was used to fit the size Γ control in Fig. 3-6 from the corresponding experiments of clock-dele on cells (see Supp. Fig. 7 for parameters).
7 Inference of the circadian coupling function from single-cell data
To determine the coupling func on, we need to es mate its likelihood. The probability for a single cell born at me to divide a er a cell cycle me is a product of the probability of cell t 0 τ division and the probability that the given cell has not divided (L(t ), (t ), , )dτ Γ 0 + τ L 0 ∂τ ∂L t 0 + τ before that me. The result is This expression depends not only on the whole single-cell trajectory of length but also on its deriva ve with respec ve to cell age . τ ′
Because deriva ves are difficult to es mate from single-cell data, we focus on the likelihood for a cell to divide at a specific length, which can be obtained by a change of variable. Using Eq. (1) in the equa on above, we obtain the probability of a cell to divide at a length , L a quan ty that is independent of the length deriva ves but depends on cell age . Since cell (L) τ ′ length strictly increases in almost all of the observed single-cell traces, we es mated this quan ty by interpola ng cell age against cell length measurements for each cell using a cubic B-spline and evaluated the resul ng integral in the above equa on numerically.
The likelihood of the coupling func on given single-cell observa ons is then given by N We parameterized the coupling func on , a posi ve func on with arguments (t) xp(B(t)) G = e taken modulo 24 hours, by a cubic B-spline with 12 knots (0,2,...,22 h) and periodic (t) B boundary condi ons. The spline was evaluated at the knots and we sampled the posterior distribu ons using an adap ve Gibbs-sampler implemented in the Julia library Mamba (4) . The result of this inference is shown in Fig. 3C. 
